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A coherently oscillating scalar field, an axion as an example, is known to behave as a cold dark 
matter. The arguments were usually made in the Newtonian context. Ratra proved the case in 
relativistic context using the synchronous gauge. In this paper we present another proof based on a 
more suitable gauge choice, the uniform-curvature gauge, which fits the problem. By a proper time 
averaging the perturbed oscillating scalar field behaves as a cold dark matter on the relevant scales 
including the superhorizon scale. 



1. Introduction: There exists a large amount of litera- 
ture concerning the role of a coherently oscillating scalar 
particle as a cold dark matter Jl|-Q. Most of the argu- 
ments were based on the Newtonian or qualitative anal- 
yses Q. A relativistic treatment can be found in [Q, 
however, there also exist the mixed statements concern- 
ing the role ||. B. Ratra presented a fully relativistic 
analyses based on the synchronous gauge choice In 
the synchronous gauge the analysis becomes unnecessar- 
ily complicated and one has to be careful of tracing the 
remaining gauge mode as the author of [Q did. In this pa- 
per we would like to derive the same results, now, based 
on a different gauge choice which simplifies both the anal- 
yses and the results. Results can be easily translated into 
solutions in any other gauge. 

We consider a homogeneous, isotropic and flat cosmo- 
logical model with general scalar type metric perturba- 
tions (we set c=l) 

ds 2 = - (1 + 2a) dt 2 - a/3, a dtdx a 

+a 2 [S aP {l + 2(p) + 2' 1 ^f 3 }dx a dx 13 , (1) 

where a(x, t), /3(x, t), ^(x, t), and 7(x, t) are perturbed 
order metric variables. We consider the model is sup- 
ported by a coherently oscillating minimally coupled 
scalar field with V = ^m 2 (j> 2 . The scale we are inter- 
ested in is 



m > k . p > H, 
where k p = k/a and H = a/ a. We have: 
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where Ho = 100/ikm/secMpc with a subindex indicat- 
ing the present epoch. In the following analysis we will 
strictly ignore H/m order higher terms. However, we will 
consider the expansion in T = k 2 /(mH). 



2. Background evolution: Since the scalar field oscil- 
lates with the frequency m which is much larger than 
the characteristic expansion rate of the universe H, the 
temporal averages of the oscillating scalar field will con- 
tribute to the background fluid quantities, and thus to 
the metric. The set of equations describing the back- 
ground evolution with a general minimally coupled scalar 
field is given in Eqs. (5-6) of j5j. Considering the time 
averaging we have: 
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An angular bracket indicates an averaging over time scale 
of order mT 1 . Ignoring H/m order higher terms we have 
an approximate solution, [Q 



4>(t) = a 3 / 2 0+o sin (mt) + 0_o cos (mt) 
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where 0+o an d 4>-o are constant coefficients. Equation 
(0) becomes: 
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Thus, the background medium behaves exactly like a 
pressureless ideal fluid Q]. 

3. Perturbed eguations in a gauge ready form: A com- 
plete set of equations describing the perturbed evolution 
of a minimally coupled scalar field with a general poten- 
tial is presented in a gauge ready form in Q. In our 
case, we should take into account of the fact that due 
to the rapid oscillation of the background scalar field, 
the perturbed part of the scalar field also oscillates, thus 
the properly time averaged quantities contribute to the 
evolution of the perturbed fluid quantities and metric. 
Perturbed fluid quantities are presented in Eqs. (7) of 
§■■ 
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Perturbed set of equations in a gauge ready form is pre- 
sented in Eqs. (8-13) of ||. Considering the time aver- 
aging we have: 
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X = a((3 + cry) is a spatially gauge invariant combina- 
tion. Every perturbed order variable in Eqs. (|7|-|l5|) is 
spatially gauge- invariant, but depends on the temporal 
gauge condition. As a gauge fixing condition we can im- 
pose one condition in any of these temporally gauge de- 
pendent variables. Imposing any one of the following 
conditions is fine as a gauge condition: a = (syn- 
chronous gauge), \& = (comoving gauge), 5(f) = 
(uniform-field gauge), x = (zero-shear gauge), ip = 
(uniform-curvature gauge), k = (uniform-expansion 
gauge), e = (uniform-density gauge), etc. The de- 
cision is up to us. Often the choice is made based on 
the author's taste. However, rather naturally, depending 
on the problem, the analysis in a certain gauge condi- 
tion is more convenient than in the other. Sometimes, 
the advantage we get from the suitable gauge condition 
is exclusive. By writing the equations without choosing 
the gauge as in Eqs. (p[jl3|) we can try different gauge 
conditions as we wish. We call this approach, which al- 
lows us to use the gauge issue not as a problem but as 
an advantage, a gauge ready method. The solutions in 
other gauge conditions can be derived from the known 
solutions in a gauge. Except for the synchronous gauge, 
any of other gauge conditions fixes the gauge mode com- 
pletely. Thus, every variable in such a gauge has the cor- 
responding gauge invariant combination. In this sense, 
the variables in such gauge conditions can be regarded 
as the equivalently gauge invariant ones. Our experience 
tells that the uniform-curvature gauge is convenient for 
problems involving the scalar field. In the following we 
will start by adopting the uniform-curvature gauge, or 
equivalently gauge invariant combinations. 



4-. Analyses in the uniform-curvature gauge: We im- 
pose the uniform-curvature gauge condition which takes 
if = 0. A gauge invariant combination is 



(14) 



which becomes (thus, equivalent to) 5(f) in the uniform- 
curvature gauge. For 54> v we take an ansatz, [|J 

5(f> v (k, t) — S(f> + (k, t) sin (mt) + 5(f)- (k, t) cos (mt) . (15) 

In the analyses of the perturbed order equations we con- 
sider only the leading order terms in H/m. However, 
since we are considering the small scale limit compared 
with the horizon, we include higher order terms in the 
expansion of T. From Eqs. (P,|lO|) we have 
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Using Eqs. (g|l§), Eq. ([k| leads to 
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where in the second step we used Eqs. 
Eq. (0) leads to: 



tS<j>- 
t5(p + 



2(f) 2 



»+o 



0+o + 0-o 
20+00-0 



f)~ 5(f)+) 

(17) 

. Using Eqs. 
+ l?) 5(f> + , 



1 

3 r 



(18) 



The solution valid to second order in the expansion of T 
is (notice that T cx t -1 / 3 ) 
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Eqs.([ljg|19|) lead to 
S(f>,p(k,t) 



(21) 



In order to derive the complete set of solutions in the 
other gauge conditions we need solutions valid to second 
order in the expansion of T. Using the solution in Eq. 

§) the other perturbed quantities follow from Eqs. (li- 
as: 
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In the pressureless limit the relativistic cosmological 
perturbation of an ideal fluid reduces to the Newtonian 
one. Newtonian hydrodynamics is described by the fol- 
lowing quantities: the density, pressure, velocity, and 
gravitational potential. In Sec. 4 of |(| we made some ar- 
guments that in the Einstein gravity filled with an ideal 
fluid, the following gauge invariant combinations play 
the roles of the Newtonian relative density fluctuation 
{Sg/g), potential fluctuation (—5$), and velocity fluctu- 
ation (8v), respectively: 
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Sq, , (p x , and v x are the relative density fluctuation in the 
comoving gauge, the potential fluctuation in the zero- 
shear gauge, and the velocity fluctuation in the zero-shear 
gauge, respectively [7|]. In our case, from Eq. (p2[), the 
gauge invariant combinations become: 
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On the other hand, a thorough study of the evolution of 
perturbations in a pressureless ideal fluid was made in 
H . From Table 2 of Q we have (these solutions are valid 
in general scales): 
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Thus, to the linear order in T Eq. (j24|) coincides with 
Eq. (f2q). Therefore, the perturbed part of the coherently 
oscillating scalar field behaves as a perturbed pressureless 
fluid, thus as a cold dark matter. 

5. Comparison with the general solutions in the large- 
scale limit: It is interesting to compare the solutions in 
Eqs. (|2^j2^) with the general integral form solutions 
valid in the large scale limit (k p <C H). A general equa- 
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This equation can be derived from Eqs. (g^|10|,^3|,^|) for 
a general minimally coupled scalar field without the co- 
herent oscillation. If we consider the coherent oscillation 
and the corresponding contribution of the time averaged 
quantities to the metric, the same equations instead will 



lead to Eq. <\1T\). For k p < H we have 
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Equations ( pjjjpTf ) are valid for an arbitrary V(<f>). In Eq. 
(109) of § we proved that M 
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Thus, in the large scale limit the growing mode of Eq. 
(^T| ) coincides with the one in Eq. A complete set 

of the large scale asymptotic solutions is presented in || . 
From the Table 1 {§ we have 0: 
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The second term in Xip corresponds to a decaying mode. 
The growing modes of 5" 



coincide with the ones in Eq. 
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1). However, behaviors 



(24) of < L, a nd different. Since we have derived Eqs. 



^jl|,|22|) based on Eq. (||) they are not necessarily valid 
in the k p <C H limit. Never the less, from Eq. ( |29| ) 
we can show that the gauge invariant combinations in 
Eq. (j24|) remain valid in the large scale limit; a proof in 
a more general ground can be found by comparing the 
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large scale solutions presented in the Table 1 of with 
the exact solutions valid in the general scale presented 
in the Table 1 of §. Therefore, Eqs. (§|,|5|) are also 
valid in the superhorizon scale, which implies that, in 
this sense, the coherently oscillating scalar field behaves 
as a cold dark matter on general scales as long as we have 
T < 1 (and H/m < 1). 

6. Solutions in the other gauges: From the complete 
set of solutions derived in the uniform-curvature gauge 
[Eqs. ( |2l| , |22| )l we can derive the rest of the solutions in 
the other gauge conditions. This translation into other 
gauges can be done systematically using either the gauge 
transformation or various gauge invariant combinations; 
the latter method is much easier as shown in deriving 
Eq. (p4|). In practice, it is convenient to derive any one 
variable in the gauge we are interested using any of the 
above methods, and then, to derive the rest of the per- 
turbed metric and fluid variables using the fundamen- 
tal set of equations in Eqs. (|§[]l3|). In the zero-shear 
gauge we set x = 0- From Eqs. (17,19) of Jl2| we have 
5cf> x = 5<t> - = 8^ - (j> Xv - Thus, from Eqs. (HH) 
we have 
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The rest of the perturbed variables follow from Eqs. (g- 
|j~3| ). The uniform- expansion gauge takes k = 0. From 
Eqs. (17,19) of || we have 5<j) K = 8<t> + <f>(3H - k 2 )" 1 ^. 
Since H 2 /k 2 = (H/m)/T, we neglect H 2 term compared 
with k 2 one. From Eqs. ( p2|) we have x<p — K v>/kp, thus 

we have 5<fi K = 6(f> — 4>( K /k 2 ) — 5(f) — 4>x — 5(f> x . Thus, 
the solution in Eq. ( p0| ) is also valid in the uniform- 
expansion gauge. The synchronous gauge takes a = 0. 
From Eqs. (17,19) of fl| we have 8<p a = 5<f> - § f adt. 
The combination with a subindex a is not gauge invari- 
ant. The lower bound of the integration in the right hand 
side leads to the behavior of the gauge mode. From Eqs. 
Tn,E2l) we can derive 



27 4 to 14^ 



where the last term is the gauge mode. 

7. Discussions: When we have H/m <C 1 the homoge- 
neous part of a coherently oscillating scalar field behaves 
as a pressureless medium (§2). In such a background, we 
have shown that on scales satisfying T 1 the perturbed 
part of a coherently oscillating scalar field behaves as a 
cold dark matter (§4). We have shown that this conclu- 
sion is valid even for scales larger than the horizon (§5). 
We followed the method suggested in ||, but took the 
uniform-curvature gauge which allows simpler analysis. 



Solutions in any other gauge can be derived easily (§6). 
We expect the equations and results presented above will 
be useful for handling the reheatin g pr ocess based on the 
coherently oscillating scalar field |13|| . Applications to 
the reheating process will be presented elsewhere. 
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